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Abstract 
Concepts such as Local Theoretical Model, Mathematical Sign System, logico-semiotic outline, analytical reading, and formal 
competence model, elaborated within long term research programs developed in Mexico and Spain, are presented. Empirical data 
from a study carried out in Spain with students of a teacher training school are analyzed using this theoretical framework. The 
cases analyzed show to which extent the logico-semiotic outline determines the arithmetic or algebraic nature of the entire 
problem solving process, even in the case of pupils which had been instructed in general problem solving heuristics, management 
and control, including the explicit training in changing the plan of solution when facing difficulties. 
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1. Local Theoretical Models 
 
In the later 80s of the past century, Eugenio Filloy began to develop a methodological and theoretical framework for 
research in mathematics education. This framework was implicit in the doctoral dissertation of Teresa Rojano 
(Filloy and Rojano, 1984; Rojano, 1985), it was presented explicitly by Eugenio Filloy in his plenary lecture at the 
1990 PME conference in México (Filloy, 1990), and is fully developed in Filloy, Rojano & Puig (2008). In this 
methodological and theoretical framework a central role is played by the idea that what is elaborated to organize the 
research is a Local Theoretical Model (LTM). The local character comes from the fact that the model is elaborated 
to give an account of the phenomena produced in the teaching and learning processes of some special mathematical 
content to some special pupils, and the model aims to be adequate to the observed phenomena in this special setting. 
The model character comes from the fact, among other things, that one does not claim that things are as 
characterized by the model, but only that, if things were as characterized by the model, the phenomena would be the 
observed ones. Therefore the model has a descriptive, explanatory and predictive character, but it does not exclude 
that the phenomena observed could be described, explained and predicted in a different way, i.e., by means of a 
different model (Puig, 2008). 
 
One of the chief reasons for resorting to local theoretical elaborations was the need to interpret phenomena that 
arose during the later 80s research by Filloy and Rojano. These phenomena could not have been anticipated from the 
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design of the observation and did not fit into schemes of analysis based on general theories derived from 
mathematics education itself or from neighbouring disciplines such as psychology, pedagogy, sociology, history, 
epistemology, or linguistics. 
 
An example of such a phenomenon was what we call “polysemy of x” (Filloy, Rojano & Puig, 2008, pp. 13-15, 
Rojano, 2004). The polysemy of x consists of the spontaneous reading that pupils tend to engage in with an equation 
as x + x/4 = 6 + x/4, by saying that “this x (the first term on the left hand side) is equal to 6, and these two (the xs 
that appear in the terms x/4 on both sides) can be any number”, or an equation as x + 5 = x + x, by saying that “this x 
(the second term on the right hand side) equals 5, and these two (the xs that appear at the beginning on both sides) 
can have any value”. These items intended to make it clear, in clinical interviews, situations in which one is in the 
presence of “term to term equalization” resolution strategies, which make it possible to identify the identical terms 
(x/4 or x) and to infer the equality between the remaining terms (x and 6, or x and 5). At the time this study was 
carried out, not only were there no theoretical elements to analyze the children’s favourite response (polysemics), 
but even the appropriate vocabulary needed to refer to it failed to exist. Thus terms were borrowed from semiotics in 
order to refer to the fact that the first step in the equalization (“this x is 6”, (“this x is 5”) comes from a reading made 
in the semantic field to which restricted equations belong, in which case the x is an unknown, while the second step 
of the equalization (“these two can be any number”, “these two can have any value”) is derived from a reading made 
in the semantic field of tautological equalities (or algebraic equivalences) and, in such case, the x is a general 
number. Hence the name the “polysemy of x”, since it is a matter of allocating meanings derived from different 
semantic fields of algebraic language to one and the same sign within one single algebraic expression. 
 
The studies on the transition from arithmetical thought to algebraic thought (Filloy & Rojano, 1984, 1985a, 1985b, 
1989) came up against this situation, giving rise to a long-term research program that envisaged the development of 
theoretical elements that would make it possible to refine the analysis of such phenomena. It is the local character of 
the theoretical elaboration that makes it possible to delve deeper and thus generate new knowledge about the subject. 
Hence LTMs represent the central idea in this work. Furthermore, rather than partializing the problems of 
mathematics education research, LTMs open up paths of communication between the various components that 
usually contribute to them. In fact, each local model contemplates the study of cognitive aspects, formal 
mathematical competence, teaching, and communication. 
 
Indeed, LTM are thus elaborated to give an account of phenomena which appear in teaching and learning 
mathematics, and we conceive teaching and learning situations as situations of communication, meaning making and 
sense making. This semiotic point of view of us, and the fact that in a situation of teaching and learning mathematics 
are involved the teacher (the school system), the pupils (the classroom) and mathematics, lead us to consider four 
components of LTMs: a competence component, a cognitive processes component, a teaching component, and a 
communication component. In this sense we say that a LTM consists of (1) teaching models, together with (2) 
models for the cognitive processes, both related to (3) models of formal competence that simulate the competent 
performance of an ideal user of a Mathematical Sign System, and (4) models of communication, to describe the 
rules of communicative competence, formation and decoding of texts, and contextual and circumstantial 
disambiguation. 
 
Further reasons for the need of LTMs can be found in the field of mathematical problem solving. From the point of 
view maintained by some authors devoted to problem solving, close to cognitive psychology, one could infer that, to 
decode a problem situation, experts proceed according to a synthetic process, that is, from the data to the unknown. 
In several of these studies, in general, when competent users are presented with a problem situation, they recognize 
“types of problems,” because they have formed schemes of them. Thus one could say that, when an expert is 
presented with a problem situation, in time he would make an integration of the information, in which he would 
recognize what the central relations of the situation are, comparing them with others that are already in his long-term 
memory, where there are also specific strategies to be followed. With all of these he is finally able to go on to 
represent the problem by means of mathematical texts and then decode them for the solution of the problem. 
 
However, from our empirical observations about the decoding of mathematical problem situations it follows that any 
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solution, however fast and fleeting it may be, necessarily passes through an initial logical analysis or logico-semiotic 
outline of the problem situation, conscious or unconscious, which makes it possible to sketch out the solution. That 
is, one shows the path that has to be followed to solve the problem in accordance with some mathematical text 
produced with the use of a certain stratum of an Mathematical Sign System, in which one can establish the direction 
that the solving process is going to take, and with which one can give analytic or synthetic reasoning processes. 
Thus an expert or a novice confronted with a problem tends to do work that may proceed from the unknown to the 
data or viceversa, but in that work the competence to decode the problem situation is determined more by the 
competence to produce the logico-semiotic outline of the problem situation –which includes strategies of analysis 
and synthesis– than by the mere recognition of some previously learnt scheme. 
 
Thus, when a competent user performs a logico-semiotic outline of a problem situation, he or she may bring into 
play cognitive mechanisms that enable him (a) to anticipate the central relations in the problem and also (b) to 
decide in which stratum of a Mathematical Sign System to outline all the steps of the solution, or decide between 
one Mathematical Sign System and another more specific Mathematical Sign System, subsequently going on to a 
process of analysis and synthesis with which he finally obtains the decoding of the problem situation. To the 
foregoing we could add many other examples of how, with a global approach, using the results of some general 
theory of certain branches of knowledge, the analyses of the phenomena that belong to mathematics education, 
performed thus, reduce the field of investigation very substantially, preventing a clear understanding of the specific 
phenomenon that one is trying to observe. For example, consider what we would achieve if we wished to use only a 
general linguistic theory to construct a useful semiotics for mathematics education. 
 
Therefore, instead of arguing in favour of giving preferential consideration to certain components –“grammar,” 
“logic,” “mathematics,” “teaching models,” “models of cognition,” “pragmatics,” “communication”– we have to 
concentrate on local theoretical models, appropriate only for specific phenomena but capable of taking into account 
all four of the components indicated earlier. 
 
2. Mathematical Sign Systems 
 
To take into account the aforementioned phenomena we found convenient to consider symbolic school algebra as a 
sign system, and we found also crucial studying the relationship between the sign system of algebra and prior or 
intermediate language levels, thus incorporating the notion of a Mathematical Sign System (MSS) in the broad sense 
of the term (Filloy, 1990, Puig, 1994a). 
 
The signs that are used in mathematics are not all of a linguistic nature, which makes it advisable not to use the 
terminology or concept of the sign that belong to linguistics (derived, to a greater or lesser extent, from the work of 
Saussure), and therefore not to speak of the signifier/signified pair. It is convenient using instead the term 
“expression,” from the expression/content pair –terminology that has been introduced in semiotics, the science of 
signs in general, and not just of linguistic signs (see, for instance, Eco, 1984). This is also very convenient because 
in mathematics one is accustomed to speaking of “algebraic expressions” or “arithmetic expressions” to refer to the 
corresponding written forms. 
 
However, in putting the emphasis on individual signs, the crucial fact that there are no isolated signs in any text 
(whether mathematical or not) may be concealed. It is very common for a description of the language in which 
mathematical texts are written to distinguish between two subsets of signs: one consisting of signs conceived as 
strictly mathematical and another consisting of signs in some vernacular language. From the viewpoint of 
signification processes, however, this distinction ceases to be crucial although it can still be made. What seems to be 
crucial is the sign system taken as a whole, and what must be described as mathematical is the system and not the 
signs, because the system is responsible for the meaning of the texts. One must therefore understand the term 
“mathematical sign systems” as mathematical systems of signs and not systems of mathematical signs, for what is of 
a mathematical nature is the system and not just the individual signs. Consequently, what is of interest for the 
development of mathematics education is to study the characteristics of these (mathematical) sign systems which are 
due not just to the fact that they are sign systems but also precisely to the fact that they are mathematical systems. 
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Furthermore Filloy (1990) introduced the need to use a sufficiently broad notion of mathematical sign systems. It 
had to serve as a tool to analyze the texts produced by students when they are taught mathematics in school systems 
–and those texts are conceived as the result of processes of production of sense– as well as to analyze historical 
mathematical texts, taken as monuments, petrifactions of human action, or processes of cognition belonging to an 
episteme (Puig, 1994b). In taking these mathematical texts as the object of study, rather than supposedly ideal texts 
conceived as manifestations of “mathematical language” or texts that are measured by them, the notions of 
mathematical sign systems and of text must both open up in various directions. Thus one must speak of 
mathematical sign systems, with their corresponding code, when there is a socially conventionalized possibility of 
generating sign functions (by the use of a sign functor, see Filloy, Rojano & Puig, 2008, Chapter 7), even when the 
functional correlations have been established in the use of didactic artefacts in a teaching situation with the intention 
that they should be impermanent. But one must also consider the sign systems or strata of sign systems that learners 
produce in order to give sense to what is presented to them in the teaching model, although they may be governed by 
a system of correspondences that has not been socially established but is idiosyncratic.  
 
For the same reasons, Puig (1994a) introduced the need to use also a sufficiently broad notion of mathematical text. 
Because we do not conceive mathematical texts as manifestations of mathematical language, and also because, in 
order to be able to give an account of those that are present in the processes of teaching and learning, we cannot 
identify them with written texts, it is pertinent to use a notion of text that conceives it as “the result of a 
reading/transformational labor made over the textual space” (Talens and Company, 1984, p. 32). Indeed, this idea 
was introduced in order to provide a notion of text that could be used in the analysis of any practice of production of 
sense (for example, the work of a learner with a teaching model, although this example may be rather far removed 
from the concerns of Talens and Company in their article), and for this purpose it is useful to introduce a distinction 
between “textual space” (TS) and “text” (T), which corresponds to a distinction between “meaning” and “sense.” A 
text, therefore, is the result of a reading/transformational labor made with a textual space, the aim of which is not to 
extract or unravel a meaning inherent in the textual space, but to produce sense. The textual space has an empirical 
existence; it is a system that imposes a semantic restriction on the person who reads it; the text is a new articulation 
of that space, individual and unrepeatable, made by a person as a result of an act of reading. Moreover, the 
distinction between TS and T is a distinction between positions in a process, because any T resulting from a reading 
of a TS is immediately in the position of a TS for a new reading —and so on ad infinitum.  
 
Both the work of mathematicians and that of students in mathematics can be described from the aspect of this 
repeated process of reading/transformation of textual spaces into texts. In particular, from this viewpoint a teaching 
model is a sequence of texts that are taken as a TS to be read/transformed into other TSs as the learners create sense 
in their readings. 
 
Besides, by combining the broad notion of MSS and the broad notion of text, mathematical texts are not the part of a 
text that is written with the so-called mathematical (symbolic) language. Instead, mathematical texts are produced 
by means of stratified mathematical sign systems whose expression substance (to use Hjelmslev (1953) 
terminology) is heterogeneous. 
 
3. Solving word arithmetic-algebraic problems 
 
Any of the indicative procedures that are usually proposed in teaching or in textbooks for solving word problems by 
translating them to the MSS of algebra take into account, in some way, what we call the Cartesian Method (CM). In 
the Cartesian method, the MSS of algebra makes it possible to detach oneself from the meanings referred to in the 
statement of the problem in natural language, and thus reach the solution by way of transformations –at the 
expression level of algebra– of the equation or equations that represent(s) the situation described in natural 
language. This is what gives the Cartesian method its algebraic nature. However it is well documented by research 
the preference for non-algebraic methods within this population of students (e.g. Bednarz & Janvier, 1996; Stacey & 
MacGregor, 1999; Lins, 1992). Let aside informal methods such as trial and error, pupils rather like methods rooted 
in arithmetic (Filloy & Rubio, 1991; Malara, 1999; Filloy, Rojano & Rubio, 2001), such as the Method of 
Successive Analytical Inferences (MSAI) and the Analytic Method of Successive Explorations (AMSE). Those 
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methods can be formally described as follows. 
 
The Method of Successive Analytic Inferences (MSAI) is in fact the Classic Analytic Method for solving problems. 
In this method, the statements of the problems are conceived as descriptions of “real situations” or “possible states 
of the world,” and consequently these texts are transformed by means of analytic sentences, i.e., using “facts” that 
are valid in “any possible world.” These analytic sentences constitute logical inferences that act as descriptions of 
transformations of the “possible situations” until the solver comes to one that is recognized as the solution of the 
problema. 
 
In the Analytic Method of Successive Explorations (AMSE) the solver uses explorations with particular data to set 
in motion the analysis of the problem, finding the relations among quantities, and thereby the solution of the 
problem. 
 
The Cartesian method is the algebraic method par excellence. The reason for calling the method Cartesian is that 
part of Descartes’s Regulæ ad directionem ingenii (Rules for the direction of the mind, Descartes, 1701, 1996) can 
be interpreted as an examination of the nature of the work of translating an arithmetic-algebraic word problem to the 
MSS of algebra and its solution in that MSS. This is how it was understood by Polya, who, in the chapter “The 
Cartesian Pattern” in his book Mathematical Discovery, rewrote the pertinent Cartesian rules in such a way that they 
could be seen as problem solving principles that use the MSS of algebra. Polya’s paraphrase of Descartes’s rules is 
as follows: 
 
(1) First, having well understood the problem, reduce it to the determination of certain unknown quantities (Rules XIII–XVI). 
[…] 
(2) Survey the problem in the most natural way, taking it as solved and visualizing in suitable order all the relations that must hold between the 
unknowns and the data according to the condition (Rule XVII). 
[…] 
(3) Detach a part of the condition according to which you can express the same quantity in two different ways and so obtain an equation between 
the unknowns. Eventually you should splits the condition into as many parts, and so obtain a system of as many equations, as there are unknowns 
(Rule XIX). 
[…] 
(4) Reduce the system of equations to one equation (Rule XXI). (Polya, 1966, pp. 27–28) 
 
Polya’s paraphrase (and Descartes) describes only a part of the method, the part leading to the writing of the 
equation. To complete the method one have to take into account the transformation of the equation into a canonical 
form, the application to the canonical equation of an algorithm or formula of solution, and the interpretation of the 
result in terms of the statement of the problem. These steps can be traced down to al-Khwārizmī’s book on al-jabr 
and al-muqābala, even if his sign system lacks of operativity at the expression level, as we have shown in Puig 
(1988, 2006) and Puig & Rojano (2004). The core of the process is the reading / transformation of the text of the 
problem, written in natural language, into an expression in the MSS of algebra, namely, an equation. This process 
needs a special act of reading / transformation of the text of the problem that extracts from it a set of quantities and 
relations among them. This set of quantities and relations is extracted from the statement by exploring its semantic 
field in search of a set of quantities and relations sufficient enough to be expressed in the SMS of algebra as an 
equation (or as many non-equivalent equations as letters used to name quantities). This reading / transformation 
reduces and expands the text of the problem: it reduces the text to quantities and relations, it expand the text by 
reading out from the text quantities and relations that are not explicitly mentioned in the statement of the problem. 
 
We call this special kind of reading / transformation an “analytical reading”. Thus, by means of an analytical reading 
the text of a problem is transformed in a set of quantities and relations, and it is prepared, so to say, to be translated 
into the SMS of algebra (a system of signs in which there are only quantities and relations). Formally we can break 
the CM down into the following steps, the analytical reading being the first one: 
 
1) the analytic reading of the statements of the problem to transform it to a list of quantities and relations among 
quantities. 
2) choosing a quantity (or several quantities) which one designates with a letter (or several different letters). 
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3) writing algebraic expressions to designate the other quantities, using the letter (or letters) introduced in the 
second step and the relations found in the analytic reading made in the first step. 
4) writing an equation (or as many independent equations as the number of letters introduced in the second step) 
based on the observation that two (non-equivalent) algebraic expressions written in the third step designate 
the same quantity. 
5) transforming the equation into a canonical form. 
6) the application of the formula or the algorithm of solution to the equation in canonical form. 
7) the interpretation of the result in terms of the statement of the problem. 
 
The splitting of the CM into steps, as presented, describes the competent behaviour of the ideal subject, and the steps 
of the method point to elements of the (algebraic) competence of solving word problems, in this sense is a sketch of 
a formal competence model. Actual people, pupils that are competent users of a method of solving problems, they 
first go through a brief phase of reflection, in which they themselves evaluate whether they are able to anticipate the 
steps of the method, i.e., in which they make a logico-semiotic outline of the situation. We will examine in section 5 
how this logico-semiotic outline determines the kind of strategies that pupils use during the problem solving 
process, arithmetic as in the MSAI, or algebraic as in the CM. 
 
4. A representation of the analytical reading of an arithmetic-algebraic problem 
 
The analytical reading of the statement of the problem transforms it into a list of quantities and relations. But such a 
list is not an unstructured one: the relations are linked through shared quantities forming a network. This topological 
structure of the network of quantities and relations may be represented by means of a special kind of graph in which 
the vertices correspond to quantities and the edges to the relations among quantities. In these graphs, which we have 
adapted from those formulated by Fridman in his work “Trinomial graphs as meta-language of problems” (Fridman, 
1990), besides being represented the topology, the vertices corresponding to the data of the problem are represented 
by black circles, and the vertices corresponding to the unknown quantities (the unknowns of the problem or 
auxiliary unknowns) are represented by unfilled squares. As the four basic arithmetic operations are binary, the 
corresponding relations are ternary, so that in the most common arithmetic-algebraic problems the edges have three 
vertices; but the edge representing a proportion have four vertices, and the relation of equality between two 
quantities have only two. 
 
Let present as an example an analytical reading of a problem, whose solution by two pairs of students we will study 
in section 5, and its representation in this kind of graph. The problem is taken from Kalmykova (1975, p. 90), is 
slightly modified, and we call it the hay problem: 
 
Some farmers stored hay for 57 days, but since the quality of the hay was better than they initially thought, they 
saved 13 kilos per day, as a result of which they had hay for 73 days. How many kilos of hay did they store? 
 
An analytical reading of this problem may be the one that transform it in the following list of quantities and 
relations, and the graph representing this analytical reading is the one in Figure 1: 
 
Quantities: days planned (Dp), actual days (Da), planned consumption of hay (Cp), actual consumption of hay (Ca), 
daily reduction in consumption of hay (Cr), consumption on the actual days (CDa), hay stockpiled (T). 
 
Relations: Ca + Cr = Cp, Dp × Cp = T, Da × Ca = CDa, CDa = T. 
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Figure 1 
 
The graph shows that any solution that uses that particular network of relations, that is, that begins by this analytical 
reading, necessarily means having to operate with the unknown, because there is no edge in which there is only an 
unknown quantity. That means that this analytical reading leads to an algebraic solution. But that does not mean that 
the problem is algebraic in nature. In section 5 we will find, when analysing the problem solving process of two 
pairs of pupils solving the hay problem, a different analytical reading of the same problem that produces a network 
of relations that allows an arithmetic solution, because there are edges with only one unknown quantity, and a path 
through the graph from these edges to the problem unknown (see Figure 8). In this case, the analytical reading 
allows an arithmetic solution. What can be qualified of arithmetic or algebraic is therefore the network of relations 
produced by the analytical reading, and not the problem. 
 
In section 5, we will represent also several successive analytical readings of the hay problem, made by a pair of 
students during an entire problem solving process, put together in a graph (see Figure 2). This graph contains 
different possible solutions, both arithmetic and algebraic, therefore it represents what we call the space of the 
problem of this problem solving process, meaning by this that this problem solving process take place in this space. 
By putting together more and more different analytical readings of a problem, it would be possible to build a bigger 
problem space containing all the possible solutions, that would be called the theoretical problem space of the 
problem (see Newell & Simon, 1972, for a similar idea that inspired us this one). 
 
5. The studies “Heuristic tools, plausible patterns and management in problem solving” 
 
The series of studies “Heuristic tools, plausible patterns and management in problem solving” have been carried out 
at the University of Valencia, Spain, from the early 80s on (Cerdán & Puig, 1983; Puig & Cerdán, 1985, 1990; Puig, 
1986, 1991), using Schoenfeld (1985) ideas, and reinterpreting them from the perspective of LTM (Puig, 1996). One 
of our findings, coherent with Schoenfeld’s findings of lack of success of pupils instructed in general control and 
managerial suggestions, is that general control and managerial suggestions does not lead to success without an 
specific knowledge of the nature and the consequences of the use of the heuristic tools and methods in the solving of 
the type of problem that has to be solved. It’s no worth asking himself “What I am doing?”, “What is it for what I 
am doing?”, or other managerial advices of this general nature, without knowing the specific possibilities of action, 
and the specific consequences of the possible actions. Expressed in general terms, a good manager has to know the 
nature of the problem space through which the problem solving is developing. 
 
As a result of these findings, we include in the teaching model the explicit teaching of specific management and 
control actions. The cases we are going to present are from the experimental study of the LTM that included this 
teaching model. 
 
In more particular terms, we analyze here two of the study’s cases that correspond to the solution of arithmetic-
algebraic word problems. The students –around 18 years of age– were studying in a teacher training school and had 
sufficient knowledge of the mathematics contents involved in the problems they were given. They had particularly 
received prior instruction on algebraic solution of problems, but it was the first time they had received instruction on 
heuristic problem solving. The instruction was given to a natural group made up of 34 students, to whom a test was 
applied both before and after receiving the instruction. The objective, inter alia, of said tests was to select the 
students who would be observed in the clinical study. The data analyzed here are derived from the clinical study 
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which was undertaken by video-taping the students as they solved problems in groups of two with no intervention 
by the researcher. 
 
In the analysis that follows of the hay problem solution protocols undertaken by two pairs of students in the afore-
mentioned clinical study, one can observe that as of the stage of the logico-semiotic outline in these cases it is 
feasible to anticipate whether the solvers will use the MSS of algebra or not, and this determines to a great extent the 
algebraic –or arithmetic– nature of the remainder of the stages and of the entire solution process. The foregoing is 
regardless of the implementation by the solvers of their learned practices of specific management and control (such 
as, for instance, systematic review of the expressions that are used and of the actions carried out at each step). 
5.1      The protocol of student pair A & J 
Pair A & J ends up solving the problem by translating the statement into the equation x =
x
57
−113⎛⎝⎜
⎞
⎠⎟ 73
 and solving 
it. Yet they had previously written other erroneous algebraic expressions, which they corrected as a result of the fact 
that their process management is effective enough that it enables them to detect mistakes. In successive analytical 
readings they extracted, either explicitly or implicitly, the following quantities and relations from the statement: 
 
Quantities: days planned (Dp), actual days (Da), additional days (Dm), planned consumption of hay (Cp), actual 
consumption of hay (Ca), daily reduction in consumption of hay (Cr), consumption on the additional days (CDm), 
consumption on the actual days (CDa) consumption on the planned days (CDp), total saving (St), hay stockpiled (T). 
 
Relations: Dp + Dm = Da, Ca + Cr = Cp, CDp + CDm = CDa, Dp × Cp = T, Dp × Ca = CDp, Dp × Cr = St, Da × Ca = CDa, 
Dm × Ca = CDm, CDm = St, CDa = T. 
 
This network of quantities and relations can be represented in the graph depicted in Figure 2, which shows the space 
of quantities and relations within which the solvers have moved during the overall solution process. 
 
 
Figure 2 
 
In the final correct solution they have only used the quantities and relations that serve to build the equation 
x =
x
57
−113⎛⎝⎜
⎞
⎠⎟ 73
, as can be seen in the graph in Figure 3, a subgraph of the one in Figure 2. 
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Figure 3 
 
The previous erroneous attempts are always guided by the logico-semiotic outline that pertains to the Cartesian 
method. From the very first, they anticipated operating with the unknown in the same way as with known quantities. 
Their plan of action can be described as a version of the Cartesian method, made up of three steps as follows: a) call 
the unknown x; b) examine quantities that appear in the story narrated in the statement of the problem and calculate 
them numerically or write them down by way of algebraic expressions that solely involve the letter that refers to the 
unknown, until an equation is obtained; and c) solve the equation. 
 
The errors originate with the lack of analysis or bad analysis of the relations that exist among quantities, which leads 
the students to make calculations or write algebraic expressions that fail to respond to the correct relations among 
quantities, responding rather to incorrect quantity relations. 
 
The first attempt, after calling the unknown in the problem x, consists of calculating the total hay saved by using the 
mistaken relation St = Cr × Da (they write “hay saving = 113 × 73”). The calculation is then cast aside because of J’s 
doubt “…it is per day, for each of the days for which there was a planned consumption of hay”, which implies the 
correct relation St = Cr × Dp. The graph in Figure 4 shows the erroneous relation used with a dotted line. 
 
 
Figure 4 
 
In the second attempt, they begin by correctly calculating the planned consumption of hay. A says “So every day 
they planned to consume …”, writes “x/57 every day initially” and adds “this is what they had initially planned”. 
 
Once the quantity Ca had been correctly analyzed, and the corresponding algebraic expressions had been written, A 
proposes to continue the analysis using quantity Cp: “So then, what they actually consume is …” However to do this 
he does not appear to analyze the quantity, rather he combines the unknown and the data in some way: “every day 
they consume x minus 113 divided by… And so, what do we divide it by?” 
Not having analyzed the relations leads to writing an algebraic expression that is void of meaning, 
x − 113
73
, and in 
which the erroneous relations used are those represented in the graph depicted in Figure 5.
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Figure 5 
 
The discussion between A & J leads them to examine the meaning of the expression they have written because J 
maintains that they must divide by 57. Their collaborative management work means that A must reanalyze the 
quantities and relations, and discover that the algebraic expression is mistaken: “not 113 either, 113 daily … Well 
this is wrong.” 
 
During the third attempt the expression they write for Ca is x −113× 57
73
 adding the multiplication times 57 in the 
numerator of the foregoing expression. The discussion between A and J is once again a source of process 
management since it forces them to discuss the meaning of the expressions written. J ascribes an erroneous meaning 
to the numerator (“this would be the amount of hay that you would have left”), while A does not see it the same way. 
Since they are unable to find a meaning for the expression that they can both agree to, J decides that “This is 
wrong”, and deletes the numerator. In Figure 6, we have shown in a graph just how the expression on the numerator 
could have been imbued with sense, but with the division taken from an erroneous relation. 
 
 
Figure 6 
 
The definitive and correct attempt is unleashed thanks to a discussion that enable them to make sense of the correct 
algebraic expression for Ca x
57
−113⎛⎝⎜
⎞
⎠⎟ , by calling the relation “consume every day saving”. That denomination in 
daily language contains what they had previously called “consume every day initially” (x/57) and the subtraction in 
the verbal form “saving”, which represents the action of saving every day 113 applied to x/57. As a result they are 
able to conclude their analysis by building the following equation: “Anyway it’s the initial hay. They consume this 
every day, they do so over 73 days, and then during that entire time what they consume is the initial quantity, which 
is the x.” 
 
In short the solution process used by A & J is therefore algebraic from the very beginning, and they do not depart 
from that process to fall into arithmetic or trial and error strategies in spite of discovering their errors. Finding and 
correcting the errors was possible because of their process management. The students have been given instruction on 
review and control of the expressions they write. Control is undertaken by resorting to an examination of the very 
meaning of the expression and to a description that uses a vernacular name to express that meaning. By working 
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together and in collaboration, the students are compelled to arrive at a shared meaning, thus preventing them from 
working in a syntactically senseless manner. 
5.2      The protocol of student pair M & H 
During the entire solution process M & H move within the field of arithmetic solution: calculating solely with the 
data. And this is the case as of the initial analysis (M: “And what other data do we have?”) and the first actions that 
deal with the data and are aimed at obtaining further data (H: “Look, every one of the 57 days, every day they saved 
113 kilos, let’s see how many kilos they saved.”). Once they had correctly calculated the total saving 
(57×113=6441), they continue analyzing the statement in search of relations among the data (H: “And the kilos they 
saved are the ones that allowed them to have 16 more days of hay”), and by transforming that assertion into a 
hypothetical relation (H: “if they were able to make it through 16 days with the kilos that they planned…, stored to 
make it through the 57 days … I don’t know if it’s 57 or 73”). The proportion is set erroneously because the option 
of 57 or 73, that is opting between the days planned and the actual days, is discussed without examining the 
arithmetic meaning of the relation, in other words the ratio involved in that proportion. Instead of examining the 
arithmetic meaning, they –mistakenly– examine the meaning in the story that is narrated in the wording “it is 57 
days because those are the days they had calculated that they had to store for, not the time they were able to 
withstand; that came later because of the fact that they had saved.” 
 
Not having taken into consideration that ratio CDm : Dm is Ca and that ratio CDa : Dp is Cp led them to establishing the 
erroneous proportion of CDm : Dm :: CDa : Dp, rather than the correct proportion of CDm : Dm :: CDa : Da. M & H 
express the foregoing mistaken proportion by way of the scheme of the rule of three, which also provides them with 
an algorithm for obtaining the result. 
 
The quantities and relations used in the solution have been represented in Figure 7. The figure shows that, with the 
reading given the problem has an arithmetic solution because it can be run through without the need to work with 
unknowns. (In the graph the erroneous proportionality relation is represented by way of a dotted edge that has four 
vertices.) 
 
 
Figure 7 
 
After obtaining the result (erroneous) M & H go through a very long series of verifications that we shall not go into 
in detail here. The number of times they verify the mistaken result is indeed high: seven. What they do as a 
verification method is using a version of the Analytic Method of Successive Explorations (AMSE), which differs 
from the AMSE in the fact that they do not explore the relations by calculating with an hypothetical number, but 
with the number they have found (the erroneous result). On each of those occasions, their verification is based on a 
correct analysis of the relations among quantities and, consequently, ends up contradicting the initial result. Yet M & 
H have greater faith in their initial (but erroneous) result than in their (correct) verifications. Hence upon completion 
of each verification, they do not decide that their initial result is incorrect but rather search for a different 
verification. It is only their persistence to continue verifying that leads them, on their seventh attempt, to a reflection 
that is absolutely crucial. M says: “What is truly clear is that if we have formulated a verification strategy, that is the 
way to solve the problem; it’s another path, sure let’s see if it’s the right path, since we know…” 
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The solution that they then derive from that “verification strategy” is also arithmetic and is based on calculation of 
the ratio that they had alluded to in their incorrect initial solution when they used the rule of three algorithm. 
Consideration that the ratio of the proportionality relation is Ca corrects the initial error and leads to the solution 
depicted in the graph shown in Figure 8, which is once again arithmetic, namely, 73 – 57 = 16, 57 × 113 = 6441, 
6441 ÷ 16 ≈ 402, and 402 × 73 = 29346. 
 
 
Figure 8 
 
6. Final remarks 
 
The objective of incorporating into a teaching model of problem solving the teaching of specific management and 
control that enable students to look at their own actions as they carry out the steps needed to solve problems is that 
of allowing the students to become competent problem-solvers, who are even able to change their solution strategy 
or method when their control efforts throughout the process show them that their efforts are not being met with 
success. In the cases of student pairs A & J and M & H, one can see that despite having systematically undertaken 
reviews and corrections of their steps, both pairs of students remain on the solution path that each pair had chosen 
from the very start, even if they have been instructed in looking for a different plan of solution. 
 
A & J decide to use the MSS of algebra and as of the graphs that correspond to the episodes analyzed, one can see 
the algebraic nature (Cartesian) of their approach to the problem. That is to say, the algebraic nature of the solution 
is not solely derived from their choice of the MSS to represent the relations found in the logico-semiotic outline, but 
also from the nature of the network of those relations, in which operations on unknown quantities also appear. 
However, during the series of revisions of erroneous attempts, new quantities and relations are added to their first 
analytical reading. These new relations produced a network that includes the possibility of an arithmetical solution, 
but their initial logico-semiotic outline is stronger than the open up new possibility, and they remain on the algebraic 
path. The corrections are made to the equation that A & J were first able to produce, but this does not only happen in 
the MSS of algebra. The back and forth between this sign system and the elements of the problem in its verbal form 
also involves, at the very least, natural language. In these processes of reading/transformation of the algebraic text 
initially produced and in those that involve elements of the statement, sense is produced and that sense guides the 
correction actions. One could say that in this case the algebraic nature of the logico-semiotic outline permeates the 
entire solution path. 
 
Student pair M & H resort to data calculations and to proportional reasoning as of the logical outline stage, and 
remain in the field of arithmetic throughout all of the verifications that they carry out on the result they obtained 
initially, despite the fact that those verifications contradicted the initial result time and again, and, being the work of 
the AMSE, contained new relations of (almost) algebraic nature. The text of the problem statement is subject time 
after time to readings/transformation, generating quantities and relations. Yet at no time do they calculate with an 
unknown quantity. Only reflection on the verification process enables them to carry out the final correction, without 
ever leaving arithmetical reasoning behind.  
 
The foregoing cases demonstrate just how the algebraic or arithmetic nature of solution strategies for a word 
problem are intimately related both to the sign system chosen to express the network of relations among quantities –
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determined as of an interpretation of the statement– and to the fact of whether or not that network includes operating 
with the unknown quantity(ies) of the problem. Analysis of the succession of reading/transformation actions of the 
text of a problem by the problem solvers suggests that the logico-semiotic outline stage significantly influences the 
choice of mathematical sign system and, consequently, also wields an influence on the nature of the solution 
strategy. 
 
The logico-semiotic outline determines the problem space for the solver: the limits of the landscape for his possible 
actions. Managements and control does not seem to have enough power to break this limits. In order to break these 
limits more than management and control is needed: the learner has to go through a teaching and learning process in 
which a new language game be built. 
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